We evaluate the density matrix of an arbitrary quantum mechanical system in terms of the quantities pertinent to the solution of the time-dependent density functional theory (TDDFT) problem. Our theory utilizes the adiabatic connection perturbation method [Görling and Levy, Phys. Rev. A 50, 196 (1994), Görling, ibid. 55, 2630Görling, ibid. 55, (1997], from which the expansion of the density matrix in powers of the interaction constant λ naturally arises. We then find the reduced density matrix ρ λ (r, r ′ , t), which, by construction, has the λ-independent diagonal elements ρ λ (r, r, t) = n(r, t), n(r, t) being the particle density. The off-diagonal elements of ρ λ (r, r ′ , t) contribute importantly to the processes beyond the reach of TDDFT, of which we consider the momentum-resolved photoemission, doing this to the first order in λ, i.e., on the level of exact exchange. In an illustrative calculation of photoemission from the quasi-2D electron gas we find quantitatively strong and conceptually far-reaching differences with the independent-particle Fermi golden rule formula.
The time-dependent density functional theory (TDDFT) [1] [2] [3] is a widely used powerful method to study the time-evolution and the excitation processes in quantum mechanical systems. Its success is due to the crucial simplification arising from the substitution of the prohibitively complicated many-body problem with the reference single-particle one, keeping (apart from the additional approximations possibly invoked) the exact time-dependent electron density of the original many-body system. The description of a number of physical processes (e.g., optical absorption [4] [5] [6] , slowing of ions in matter [7] , etc.) can be rigorously reduced to finding the time-dependent electron density, making TDDFT the method of choice for studying those classes of phenomena.
There exist, at the same time, fundamental processes and the corresponding experimental methods, the theory of which cannot, on the very general physical grounds, be formulated in terms of the particle density. For a clear example, the momentum-resolved photoemission requires the knowledge of the probability in the momentum space, which, as long as we remain within the framework of the consistent quantum mechanics, cannot be found from the probability in the coordinate space, the latter giving the particle density. The minimal necessary information is, in this case, contained in the reduced density matrix ρ [8] . The real space ρ(r, r ′ , t) and the momentum space ρ(p, p ′ , t) representations of ρ are related by the double Fourier transform, while it is impossible to directly relate the diagonal elements (probabilities) in the corresponding representations.
To find the reduced density matrix is a complicated problem, generally speaking, taking us back to the manybody theory. In this Letter we come up with the observation that the solution of this task can be greatly facilitated if the TDDFT problem for the same system has been already solved. We use the power of the adiabatic connection perturbation method [9, 10] and show that, changing the electron-electron (e-e) interaction constant λ continuously from zero (for the reference system) to one (for the physical system), while keeping the particle density n λ (r) = n(r) unchanged, we determine not only the Kohn-Sham (KS) [11] potential v s (r, t; λ), but also the many-body density matrixρ λ . The latter can be readily reduced to the one-density-matrix ρ λ (r, r ′ , t) expressed through the KS TDDFT quantities. We emphasize, and this is the motivation of the present work, that ρ λ=1 (r, r ′ , t) is, while the KS density matrix is not, the true reduced density matrix of the physical system (c.f., Ref. [12] ).
Practically, the above program can so far be implemented to the first order in λ only, which results in the construction of the time-dependent exact-exchange (TDEXX)-based theory of the density-matrix. We apply this theory to the problem of the momentum-resolved photoemmission, finding quantitative and qualitative differences with the single-particle Fermi golden rule theory. We use atomic units throughout.
Real-time theory of the density matrix to the first order in the e-e interaction.-We start by writing the adiabatic connection Hamiltonian for an N -particle system [9, 10] 
v ext (r, t) and v s (r, t) being the external and KS potentials, respectively, and we keep the particle density λ-independent all the way from zero to one [9, 10] . The corresponding N -body density matrixρ(t; λ) satisfies the Liouville's equation
Expanding to the first order in λ (but making, so far, no assumption regarding the strength of the externally applied time-dependent field), we writê
v(r, t; λ) =ṽ 0 (r, t) + λṽ 1 (r, t),
whereĤ
and the corresponding density matrices evolve as
Let for t ≤ 0 the external potential be time-independent, and the system be in its ground-state with the KS wavefunction |0 , where |α is the orthonormal complete set of the Slater-determinant eigenfunctions of the HamiltonianĤ 0 (0). Let at t = 0 the time-dependent part of the external potential be turned on. Then, due to the self-conjugateness of the KS Hamiltonian, |α(t) , which satisfy
also constitute an orthonormal complete set of Slaterdeterminants at each particular time t. From Eqs. (10) and (11) 
where δ αβ is the Kronecker symbol. Writing in real spacê
and reducing to the one-density-matrix, we find with the use of Eqs. (14) and (15) ρ 0 (r, r
where φ i (r, t) are KS orbitals, 0 ij (t) is the propagated ground-state Slater-determinant 0(t) with the i-th orbital replaced with the j-th one, and (r ↔ r ′ ) * stands for interchanging r and r ′ in the preceding expression with taking its complex conjugate. Equation (18) can be readily understood, taking into account that, due to Eq. (15), the terms in Eq. (16) with the matrix elements 0(t)|ρ 1 (t)|0 ij (t) are the only ones that survive the integration. Worked out in terms of the orbitals, Eq. (18) becomes
where
and v H (r, t) are the exchange and the Hartree potentials, respectively. Setting r ′ = r in Eq. (19) and equating its right-hand side to zero (keeping in mind that, in the context of TDDFT, the particle density must be λ-independent), we immediately retrieve the optimized effective potential equation [14, 15] for the exact exchange (EXX) potential v x (r, t). On the other hand, if in the above derivation we had allowed for a non-local effective potential, then from Eq. (19) we would reproduce the long-known result that the Hartree-Fock (HF) potential is the one which nullifies ρ 1 (r, r ′ , t) [16] . Consequently, in the (TD)HF theory, the reduced density matrix derived from the Slaterdeterminant is already the first-order, in the e-e interaction, approximation to the many-body one. This is not the case within TDDFT, which, we re-emphasize, constitutes our motivation for constructing the first-order correction to the Slater-determinant density matrix.
It is, furthermore, directly verifiable that ρ 0 of Eq. (17) and ρ 1 of Eq. (19) satisfy the following Liouville-type equations
whereĥ s (t) is the KS Hamiltonian. Equation (19) or, alternatively, Eq. (22) determine the time-evolution of the reduced density-matrix to the first order in the e-e interaction, and they are expected to be useful in the nonlinear dynamics. We, however, turn now to the linear response regime and focus on the photoemission spectroscopy (PES) application. Linear-response theory in the frequency domain.
-From now on we assume the time-dependent part of the external potential to be weak and monochromatic
We expand
where the superscripts stand for the orders in the strength of the time-dependent perturbation, while the subscripts will remain reserved for the order in the e-e interaction. To the zeroth order in the latter, we readily obtain for the probability per unit time for an electron to be emitted into the state
which reproduces the conventional Fermi golden rule formula for PES. To the first order in the interaction, the derivation based on Eq. (22) 
(30) where f k are the KS orbitals' occupancies. Equations (27)-(30) account for the electron-electron interaction to the first order in its strength, and they are a generalization of the independent-particle Fermi golden rule of Eqs. (25)-(26).
The two terms in Eq. (27) have distinct physical meaning: The first one, involving the delta-function itself, accounts for the change, as compared to Eq. (25), in the amplitude of the transitions due to the e-e interaction. The second term, the one with the delta-function derivative, accounts for the excitation energies shifts, due to the same reason. To demonstrate the latter fact, we combine Eqs. (25) and (27) as
the above transformations all valid to the first order in the interaction. We note that the energy-shift (32) depends neither on the photon energy nor on the final state, but it rather is a ground-state property of the KS system. Equation (31) and (32) are our final linear-response result. We now turn to an illustrative calculation.
Photoemission from quasi-2D electron gas with one filled subband.- For quasi-2D electron gas with one filled subband and normally applied electric field (schematized in Fig. 1 ), the TDDFT problem has recently been solved analytically within the TDEXX to the following results [18] :
L 1 and I 1 are the 1st-order modified Struve and Bessel functions [19, 20] , respectively, n s = ∞ −∞ n(z, t)dz is the time-independent 2D particle-density, and k F is the corresponding 2D Fermi radius. In the linear-response regime the exchange kernel, accordingly, is
This system is ideally suited for the illustration of our general results by means of a rather simple calculation. The xy and z variables separate in the KS problem, the in-plane orbitals being plane waves. From the general equations (26), (28)- (29) we find in this specific case
and [see Ref. 13 , sec. (IV)]
where H(k) is the Heaviside step function, n (1) (z, ω) is the density fluctuation, µ m (z) are the orbitals of the perpendicular motion, λ m are the corresponding eigenenergies, k is the conserving parallel wave-vector, common for the initial and final KS states, χ s (z, z ′ ) is the static KS density response function, and [21] 
where J n (x) is the Bessel function of the order n. The function S k (u) is plotted in Fig. 2 for three representative values of the in-plane wave-vector k . We have been applying the perpendicular uniform electric field of the unity amplitude, i.e,
Results of the calculations by the use of Eqs. (35)-(37) are presented in Figs. 3 and 4 . In Fig. 3 we plot the shift of the emitted electron kinetic energy ǫ f with respect to its Golden rule value of ω + ǫ 0 . Apart from this shift's very existence, obviously due to the excitation energies of the system being different from the KS ones, the following important features must be noted. Firstly, the shift strongly depends on the in-plane wave-vector k . This dependence signifies a fundamental difference between the KS and the true many-body dynamics, as clearly manifested in this example. Indeed, our system is uniform in the xy-plane and, therefore, xy and z coordinates separate in the KS equations, resulting in the motion of a KS electron in the z-direction being completely unaffected by the value of its k momentum. This occurs not to be the case within the many-body dynamics, as the kinetic energy of the emitted electron's motion along the z-axis at a fixed photon energy ω does depend on k . Secondly, depending on k , the energy shift can be both positive and negative. In particular, and this is an interesting point, for larger values of k we can emit an electron with a photon energy ω less than the KS work function −λ 0 . We stress that this result is not in contradiction to the known theorem stating that the minus highest occupied KS orbital energy is the true ionization energy of a many-body system [22? ], since the latter theorem has been proven for finite number of particles only (and then, obviously, k is not defined), while the number of electrons in our system is infinite. In Fig. 4 , we plot the photoemission intensity, obtained as a sum of Eqs. (35) and (36), and compare it with its Fermi golden rule counterpart of Eq. (35) only. It must be noted that the golden rule is overwhelmingly often used in the literature with the KS potential in the matrix element replaced with the bare external one (dipole approximation), while the screening (without, however, the xc part) has been implemented in practical PES calculations only rather recently [23] . It is, therefore, instructive to compare our results to the both variants of the conventional formula. Without the e-e interaction, the threshold of photoemission energy lies, obviously, at −λ 0 , indicated in Fig. 4 by a long vertical dotted line, and it is the same for all values of k . As discussed above, this is not the case in the calculations with the interaction included, and the corresponding thresholds for three different values of k are shown by short vertical dotted lines. Above all, the spectra at different k are very different from each other, signifying the important quantitative role of the interaction effect. The case of k = k F deserves special attention: Here ∆ω > 0, which, as discussed above, makes emission possible at ω < −λ 0 . In this energy range, the spectrum is strongly affected by the system's transitions between the ground and discreet excited states, resulting in sharp resonances at the corresponding energies. Since within TDEXX these transitions are undamped [18] , the amplitudes of the corresponding peaks are not in the same scale with the rest of the spectra in Fig. 4 . Finally, in case an objection to the above picture on the grounds of the energy conservation law arises, we note that the energy conservation can be tracked down intact, if we keep in mind the many-body nature of our results, rather than the single-particle (KS) description.
In conclusions, assuming a solution to the TDDFT problem for a quantum mechanical system to be known, we have evaluated the reduced density matrix ρ(r, r ′ , t) to the first order in the e-e interaction, at the fixed particle density, as stipulated by TDDFT. The knowledge of ρ(r, r ′ , t) extends the interacting-electrons' theory to phenomena beyond the reach of the pure TDDFT. In particular, we have derived an extension to the Fermi golden rule formula for the momentum-resolved photoelectron spectroscopy, which account for the e-e interaction.
An illustrative calculation for the quasi-2D electron gas with one filled subband manifests a dramatic role of the ee interactions in PES. In particular, our theory captures a remarkable effect of the correlation between the in-plane and the normal motion in a laterally uniform system, which is an exclusive feature of the many-body dynamics, being impossible within the Kohn-Sham theory.
Finally, in perspective, we anticipate it conceptually straightforward to extend the present theory to evaluate the two-electron density matrix, with an immediate application to the double photoelectron spectroscopy. (a) Taking a matrix element of Eq. (10), we have
which, with account of Eq. (12) leads to
and, therefore, to
and Eq. (14) is proven with account of the fact that at t = 0 our system is in its ground KS state.
(b) Similarly, taking a matrix element of Eq. (11), we have
which, with account of Eq. (12) and of the equation
Equation (15) is obtained by the time integration of Eq. (S.8).
(II). DERIVATION OF EQS. (25)-(26).
We apply the time-dependent perturbation
where η is a positive infinitesimal, ensuring the perturbation to be zero at t → −∞. Within the linear response, the same holds for the KS potential
Expanding Eq. (21) to the second order in the perturbation, we have i ∂ρ
By Eq. (S.12) we have
where φ f is the orbital of the emitted electron, and the contributions from the first and the third terms in the right-hand side of Eq. (S.12) disappear, φ f being empty in the ground-state. Equation (S.11) gives us
Combining Eqs. (S.13), (S.10), and (S.14), we can write
In the third line of Eq. (S.15) we have kept the non-oscillating terms only, and after the last equality sign we have taken the η → limit. Assuming ω > 0 and noting that ǫ f > ǫ i , we conclude the proof of Eqs. (25)- (26).
(III). DERIVATION OF EQS. (27)-(30).
We start by writing down the second-order term in the expansion of Eq. (22) in powers of the perturbation
(S. 16) In the following, we evaluate term by term in Eq. (S.16). In resulting expressions, we retain the non-oscillating terms only, keeping in view that the oscillating ones do not give a contribution to the final result. Accordingly, we use the ∼ (tilde) sign to denote the right-hand sides with the oscillating parts dropped. A caution should, however, be exercised to omit an oscillating term only when it would not be further multiplied by another oscillating one, yielding a non-oscillating result. For example, in Eq. (S.17), oscillating expressions are omitted, while it would be incorrect to omit such parts in ρ s (t). All the quantities below are obtained by expanding Eqs. (21) or (22) to the corresponding orders in the time-dependent perturbation. We arrive at
where we have used the following two equations
s (−ω)|φ l (ǫ f −ǫ m −ω −iη)(ǫ k −ǫ l +ω −iη) + φ f |v In the case of the quasi-2D electron gas with one subband filled, KS orbitals are (for brevity, we omit the 'parallel' index in p ) φ mp (r) = 1 √ Ω e ip·r µ m (z), (S.30) where Ω is the normalization area, and the eigenenergies corresponding to µ m (z) will be denoted by λ m . Only the orbitals φ 0p (r) = 1 √ Ω e ip·r µ 0 (z), |p| ≤ k F , (S.31) are occupied. We then evaluate in a straightforward manner
where the function S is given by Eq. (38). Furthermore, remembering that i ∈ occ and f ∈ unocc, we find
is the density-response function of the quasi-2D EG with one filled subband [18] , and in the last line of Eq. (S.36) we have introduced the notationχ Finally, the latter equality is proven by the direct substitution of Eq. (S.37) into the second term on its right-hand side and the integration, taking into account the orthonormality of µ l (z).
